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Abstract
In this paper, we study the spin-3 topologically massive gravity (TMG),
paying special attention to its properties at the chiral point. We propose
an action describing the higher spin fields coupled to TMG. We discuss
the traceless spin-3 fluctuations around the AdS3 vacuum and find that
there is an extra local massive mode, besides the left-moving and right-
moving boundary massless modes. At the chiral point, such extra mode
becomes massless and degenerates with the left-moving mode. We show
that at the chiral point the only degrees of freedom in the theory are
the boundary right-moving graviton and spin-3 field. We conjecture that
spin-3 chiral gravity with generalized Brown-Henneaux boundary condi-
tion is holographically dual to 2D chiral CFT with classical W3 algebra
and central charge cR = 3l/G.
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1 Introduction
The constructions of higher spin field theory has a long history [1]. Though
in flat spacetime, a consistent interacting higher spin theory does not exist[2],
it makes perfect sense in a spacetime background with a nonzero cosmological
constant [3, 4]. However when the dimension of the spacetime is higher than
three, once we include one massless field with spin higher than two, we must
include an infinite number of massless fields with various higher spins and also
other compensator fields. This fact makes the higher spin field theory much
more difficult to deal with. For nice reviews on higher spin field theory, see
[5]-[11].
In three dimensional case, the situation is quite different. It was found that
there is no need to consider an infinite number of higher spin fields in order to
have a consistent interaction. In AdS3 case, not only the extra compensator
fields vanish, the truncation to a field theory up to finite spin N is also possible.
In terms of frame-like fields it was found long time ago that the higher spin
field theory in AdS3 could be rewritten as a Chern-Simons action[12, 13]. Very
recently, it was realized in two remarkable papers[14, 15] that the coupling of
massless spin-3 field to the AdS3 gravity could be described by a SL(3)×SL(3)
Chern-Simons theory with opposite levels. Moreover in this Chern-Simons for-
mulation, the asymptotic symmetry algebra of higher spin field theories[14, 15]
was shown to be a classical W -algebra with central charges being the same as
the ones obtained by Brown and Henneaux [16] in pure AdS3 gravity. This
opened a new window to study the higher spin AdS3 gravity. The black hole
solution with spin-3 hairs was constructed in [17, 18]. Partly based on [19], a
largeN duality for higher spin fields on AdS3 was proposed[20]. The bulk theory
includes massless higher spin fields and two extra scalars, while the boundary
CFT2 is a WZW coset model. This correspondence was checked in [21, 22, 23]
and further developed in [24, 25]. This duality can be thought as a kind of AdS3
version of the Klebanov-Polyakov correspondence [26], in which case the higher
spin field theories on AdS4 is conjectured to be dual to O(N) vector models
in the large N limit. Nontrivial supports to this conjectural duality came from
the computations of the three-point correlation functions [27, 28, 29]. For an
interesting derivation of higher spin gravity in AdS space from free bosonic field
theory, see [30] and [31]. String theory realization of spin-3 field was considered
in [32].
In the Chern-Simons formulation, it is clear that both Einstein gravity
[33, 34] and the higher spin field theories [12, 13] in AdS3 have no propagating
mode. This is because that the Chern-Simons theory is a purely topological
theory with no local degree of freedom, no matter what the gauge groups and
the levels are. In the pure gravity case, in order to induce local degree of free-
dom, a gravitational Chern-Simons term with coefficient 1
µ
had been included
into the action. This gives us the so-called topologically massive gravity (TMG)
theory[35, 36]. In TMG, there is one more local massive degree of freedom in
AdS3 background. However, it was found that the TMG theory is not stable
for generic µ. It is only well-defined at the point µl = 1, the so-called chiral
point. At this point, the massive graviton becomes massless, degenerates with
the left-moving massless boundary graviton, and is just a pure gauge. It was
conjectured that after imposing self-consistent Brown-Henneaux boundary con-
dition the chiral gravity is holographically dual to a boundary chiral CFT with
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only right-moving degrees of freedom and central charge cR = 3l/G[37, 38]. At
the chiral point, the level of left moving Chern-Simons theory vanishes. Usu-
ally, the TMG theory is quite different from Chern-Simons gravity. But at the
chiral point, the disappearance of the massive modes leads us to conjecture
that the chiral gravity and holomorphic Chern-Simons gravity with only one
gauge group SL(2, R)R are equivalent in the following sense: when one impose
the Brown-Henneaux boundary conditions for the fluctuations around the AdS3
vacuum, these two theories have the same physical degrees of freedom, and may
even have the same dynamics. The holomorphic nature of partition function of
chiral gravity supports this equivalence[38](however see also [39]).
In this paper, we would like to consider the higher spin field coupled to
gravity in TMG theory. We will focus on the spin-3 case. We will see that there
indeed is a massive traceless spin-3 mode at generic value of µ. The conformal
weight of such mode is (µl+ 2, µl− 1), which degenerates with the left-moving
massless mode at the chiral point. The energies of left-moving massless mode
and massive mode are vanishing at the chiral point, indicating that both of them
are pure gauge. This fact suggests that the higher spin TMG theory becomes
chiral at µl = 1, and is equivalent to a holomorphic Chern-Simons theory with
one gauge group in the above sense. The asymptotic symmetries of such Chern-
Simons theory is again just one copy of W3 algebra with the central charge
being the one of chiral gravity, taken generalized Brown-Henneaux boundary
conditions [14, 15].
In the next section, by deforming the Chern-Simons action with gauge group
SL(3)× SL(3), we obtain the action for the TMG coupled to the spin-3 field.
With this action at hand, we study several aspects of this theory. In section
3, we show that the traceless part of the spin-3 fluctuations around the AdS3
vacuum satisfy a third-order differential equation. We find that the equation
could be decomposed into the product of three first-order differential equations,
describing two massless and one massive modes. As the equation of all the
modes could be changed into a second order differential equation, which could
be rewritten in terms of SL(2, R) Casimir, we compute the conformal weight of
the fluctuations and obtain the explicit solution of fluctuations with the highest
conformal weight in section 4. We also discuss the logarithmic mode, besides the
massless and massive modes. Such log modes could be truncated by imposing
generalized Brown-Henneaux boundary conditions. In section 5, we calculate
the energies of traceless spin-3 fluctuations and show that only at the chiral
point, there are no modes with negative energy, and at this point, both massive
mode and left moving mode have zero energy. We end with conclusions and
some discussions in section 6. We conjecture that the chiral spin-3 gravity is
holographically dual to a chiral 2D CFT withW3 symmetry, with the generalized
Brown-Henneaux boundary conditions.
2 Action and equations of motion
In this section, we propose an action describing the spin-3 field coupled to 3D
TMG theory with a negative cosmological constant. As we will work in the
frame-like formulation, we give a brief review of first order formalism of TMG,
and discuss the possible relation with a Chern-Simons theory. Next we show
how to incorporate the spin-3 field in our formulation.
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2.1 First order formulation of TMG
In first order formalism, TMG with a negative cosmological constant Λ = −l−2
is described by the action
STMG =
1
8πG
∫ (
ea∧Ra+ 1
6l2
ǫabce
a∧eb∧ec)− 1
16πGµ
∫ (LCS+βa∧Ta), (1)
where
Ra = dωa +
1
2
ǫabc(ω
b ∧ ωc + e
b ∧ ec
l2
)
T a = dea + ǫabcωb ∧ ec,
LCS = ωa ∧ dωa + 1
3
ǫabcω
a ∧ ωb ∧ ωc. (2)
The field βa is just a Lagrangian multiplier, imposing the torsion free condition
such that the above action is equivalent to the action in terms of Christoffel
symbol[40, 41].
It would be illuminating to rewrite the above action in a form relating to
Chern-Simons gravity with gauge group SL(2, R) × SL(2, R). In order to do
so, we need to combine the frame-like fields and the spin connections into two
gauge fields:
A = (ωaµ +
1
l
eaµ)Jadx
µ, A˜ = (ωaµ −
1
l
eaµ)Jadx
µ. (3)
Here l is the AdS radius and Ja’s are the generators of SL(2, R). Then the
action of TMG could be rewritten as
STMG =
(
1− 1
µl
)
SCS[A]−
(
1 +
1
µl
)
SCS[A˜]− k
4πµl
∫ (
β˜a ∧ Ta
)
, (4)
where
SCS [A] =
k
4π
∫
Tr(A ∧ dA+ 2
3
A ∧ A ∧A), (5)
with
k =
l
4G
, β˜a = βa − e
a
l2
. (6)
Note that the solutions of usual AdS3 gravity are automatically the solutions
of TMG theory. Especially, the Einstein metric solution leads to β˜a = 0. There-
fore it seems that the TMG in AdS3 background is equivalent to Chern-Simons
theory[42, 43]. However, one should notice that TMG has one local degree of
freedom whereas CS theory has none. In this case, the fluctuations around the
AdS3 background satisfy a third order differential equation, reflecting the fact
that the gravitational Chern-Simons term includes higher derivative terms, and
more importantly leads to a local massive mode. This suggests that the TMG
theory is very different from the Chern-Simons gravity, which could be just a
topological theory. The right way is just to keep the Lagrangian multiplier to
impose the torsion free condition.
Nevertheless the story could be different at the chiral point[37]. The con-
formal weight of the massive graviton in AdS3 is
1
2 (3 + µl,−1 + µl), which
becomes degenerate with the one of the left-moving massless graviton. Thus
4
there is no local degree of freedom anymore so that chiral gravity has the same
degree of freedom as a holomorphic Chern-Simons gravity, after imposing the
Brown-Henneaux boundary condition to truncate the log modes. Moreover the
central charge of asymptotic symmetry group become cL = 0, cR =
3l
G
. On the
other hand, the asymptotic symmetry of Chern-Simons gravity suggests that
the central charges are only related to the levels
cL = (1− 1
µl
)
3l
2G
, cR = (1 +
1
µl
)
3l
2G
, (7)
which reproduce precisely the central charges of chiral gravity. More impor-
tantly, the partition function of chiral gravity is holomorphic. All these facts
support that the chiral gravity is equivalent to a holomorphic Chern-Simons
gravity in the sense we described in the introduction.
2.2 Action of spin-3 TMG
We may generalize the above construction to include the spin-3 field. First of
all, we need to replace the gauge group SL(2, R) with SL(3, R). The SL(3, R)
group has the generators Ja, Tab(a, b = 1, 2, 3) with Tab being symmetric and
traceless. They satisfy the following commutation relations:
[Ja, Jb] = ǫabcJ
c, [Ja, Tbc] = ǫ
d
a(bTc)d, (8)
[Tab, Tcd] = σ(ηa(cǫd)be + ηb(cǫd)ae)J
e. (9)
For the inner products of the generators, we have
Tr(JaJb) =
1
2
ηab, Tr(JaTbc) = 0, (10)
Tr(TabTcd) = −σ
2
(ηa(cηd)b −
2
3
ηabηcd). (11)
There is actually a free parameter σ in the above algebraic relation. In this
paper, we focus on the case σ < 0. Up to an overall factor, the right handed
side of the last equation can be determined by that it should be symmetric and
traceless with respect to ab and cd, respectively. And the overall factor is fixed
by that we have:
Tr([Ja, Tbc]Tde) = Tr(Ja[Tbc, Tde]). (12)
As in [15], we combine the vielbein-like fields and the connections of spin-2
and spin-3 into two gauge potentials A, A˜
A = ((ωaµ +
1
l
eaµ)Ja + (ω
ab
µ +
1
l
eabµ )Tab)dx
µ, (13)
A˜ = ((ωaµ −
1
l
eaµ)Ja + (ω
ab
µ −
1
l
eabµ )Tab)dx
µ. (14)
It was shown [15] that the action
S = SCS [A]− SCS[A˜], (15)
gives the correct theory for spin-3 field coupled to AdS3 gravity.
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To study the topologically massive gravity coupled with spin-3 fields, we
now propose the following action:
S =
(
1− 1
µl
)
SCS [A]−
(
1 +
1
µl
)
SCS [A˜]− k
4πµl
∫ (
β˜a ∧ Ta − 2σβ˜ab ∧ Tab
)
.
(16)
Here the last two terms are introduced to impose the torsion free conditions.
The torsions are still the same as the ones in [15]:
T a = dea + ǫabcωb ∧ ec − 4σǫabcebd ∧ ω dc , (17)
T ab = deab + ǫcd(a|ωc ∧ e |b)d + ǫcd(a|ec ∧ ω |b)d , (18)
obtained from the equations of motion there from the action eq. (15). Note that
the torsion T a for veilbein gets modified by the spin-3 field and the torsion T ab
is for spin-3 field.
In terms of the frame-like field and connection, the action (16) could be
written in a more familiar form:
S =
1
8πG
∫ (
ea ∧ dωa + 1
2
ǫabce
a ∧ ωb ∧ ωc + 1
6l2
ǫabce
a ∧ eb ∧ ec
−2σeab ∧ dωab − 2σǫabcea ∧ ωbd ∧ ωcd − 2σeab ∧ ǫ(a|cdωc ∧ ω d|b)
−2σ
l2
ǫabce
a ∧ ebd ∧ ecd
)− 1
16πGµ
∫ (
ωa ∧ dωa + 1
3
ǫabcω
a ∧ ωb ∧ ωc
−2σωab ∧ dωab − 4σǫabcωa ∧ ωbd ∧ ωcd + βa ∧ Ta − 2σβab ∧ Tab
)
,(19)
where
βab = β˜ab +
eab
l2
(20)
could be taken as an independent field. The first part of the action, proportional
to 1/8πG, is the same as the one of pure spin-3 AdS3 gravity found in [15]. The
two terms proportional to Ta, Tab are just to impose the torsion free conditions.
The remaining parts are the spin-3 generalization of gravitational Chern-Simons
term.
The equations of motion from this action are:
T a = 0, T ab = 0, (21)
which are the torsion free conditions, and
Ra − 1
2µ
(dβa + ǫabcβ
b ∧ ωc − 2σǫ(c|daβbc ∧ ωd|b)) = 0, (22)
Ra +
1
2
ǫabc
[
βb ∧ ec − e
b ∧ ec
l2
+ 4σ
(
ebd ∧ ecd
l2
− ebd ∧ βcd
)]
= 0, (23)
Rab − 1
2µ
(
dβab + ǫcd(a|β
c ∧ ωd|b) + ǫcd(a|ωc ∧ βd|b)
)
= 0, (24)
Rab +
1
2
(
ǫcd(a|β
c ∧ ed|b) + ǫcd(a|ec ∧ βd|b)
)
− 1
l2
ǫcd(a|e
c ∧ ed|b) = 0, (25)
where
Ra = dωa +
1
2
ǫabc(ω
b ∧ ωc + e
b ∧ ec
l2
)− 2σǫabc(ωbd ∧ ω dc +
ebd ∧ e dc
l2
),(26)
Rab = dωab + ǫcd(a|ω
c ∧ ωd|b) +
1
l2
ǫcd(a|e
c ∧ ed|b). (27)
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The equations are different from the pure gravity case, with contributions
from βa, βab terms. However, notice that when
βa =
ea
l2
, βab =
eab
l2
, (28)
the extra terms vanish due to the torsion free conditions. This suggests that
the solutions of pure gravity coupled to spin-3 field theory proposed in [15]
remain the solutions of above equations of motion. But it could be possible
that there exist more solutions. Actually if we just consider the case with
vanishing spin-3 fields, then the above equations allow the solutions besides the
Einstein-type metric. Two classes of such solutions are the warped spacetimes
and null spacetimes[44, 45]. In this paper, we just focus on the AdS3 spacetime
or its discrete quotient–BTZ black hole[46].
3 Spin-3 fluctuations
Now we consider the fluctuations around a given fixed background with back-
ground fields e¯a, ω¯a, β¯a, e¯ab, ω¯ab, β¯ab. For simplicity, we only consider the back-
grounds with e¯ab = 0, then we have ω¯ab = β¯ab = 0. We still denote the
fluctuations of the fields as ea, · · · . To the leading order, we have the following
equation of motions of the fluctuations:
dea + ǫabcω¯b ∧ ec + ǫabcωb ∧ e¯c = 0, (29)
dωa + ǫabc(ω¯
b ∧ ωc + e¯
b ∧ ec
l2
)− 1
2µ
(dβa + ǫabcβ¯
b ∧ ωc + ǫabcβb ∧ ω¯c) = 0, (30)
dωa + ǫabc(ω¯
b ∧ ωc + e¯
b ∧ ec
l2
) +
1
2
ǫabc
[
β¯b ∧ ec + βb ∧ e¯c − 2
l2
e¯b ∧ ec
]
= 0, (31)
deab + ǫcd(a|ω¯c ∧ e |b)d + ǫcd(a|e¯c ∧ ω |b)d = 0, (32)
Rab − 1
2µ
(
dβab + ǫcd(a|β¯
c ∧ ωd|b) + ǫcd(a|ω¯c ∧ βd|b)
)
= 0, (33)
Rab +
1
2
(
ǫcd(a|β¯
c ∧ ed|b) + ǫcd(a|e¯c ∧ βd|b)
)
− 1
l2
ǫcd(a|e¯
c ∧ ed|b) = 0, (34)
where
Rab = dωab + ǫcd(a|ω¯
c ∧ ωd|b) +
1
l2
ǫcd(a|e¯
c ∧ ed|b). (35)
To the leading order, the fluctuations of the spin-3 fields decouple from the
gravitons. And the latter was studied in detail around the AdS3 background in
[37]. Actually, one can show that in our formalism, the fluctuations of gravitons
hµν satisfy the following equation
(+
2
l2
)hρσ +
1
µ
ǫρµν∇µ( + 2
l2
)hνσ = 0, (36)
where the transverse and traceless gauge conditions ∇µhµν = 0 and hµµ = 0
have been chosen. It is exactly the same as the one in [37].
Next we focus on the fluctuations of spin-3 fields. Let us define Φµνλ =
eµabe¯
a
ν e¯
b
λ. From T
ab = 0, we obtain that:
ωabµ =
1
3
ηabǫνρλ∇νΦρλµ + 1
2
ǫ νρµ ∇νΦραβ e¯αae¯βb −
1
2
e¯(a|ν e¯
|b)φǫνρλ∇ρΦλφµ.
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Actually Eq. (34) can be rewritten as
Rab +
1
2
(
ǫcd(a|
˜¯βc ∧ ed|b) + ǫcd(a|e¯c ∧ β˜d|b)
)
= 0, (37)
from which we get
β˜abµ =
2
3
ηabe¯µcQ
dc
d + e¯µc(Q
cab −Qabc −Qbac), (38)
where
Qµab = ǫ
µνλ(Rabνλ +
1
4
ǫcd(a|
˜¯βc[νe
d
λ] |b)). (39)
Now we are considering the background AdS3 or BTZ black hole, then we have
˜¯βa = 0. From the definition of Rab we find that in this case:
Qρabe¯αa e¯
β
b = ǫ
ρµνRabµν e¯
α
a e¯
β
b
=
1
3
gαβǫρµνǫσλκ∇µ∇λΦκσν + 1
2
Φραβ − 1
2
∇µ∇ρΦµαβ
−1
2
ǫλκ(α|ǫρµν∇µ∇λΦ |β)κν +
1
l2
(Φ(αβ)ρ − gρ(α|Φ µ|β)µ )
= −1
3
gαβ(Φ νρν +∇µ∇νΦρµν −∇µ∇νΦµνρ −∇µ∇ρΦ νµν )
−1
2
Φραβ +
1
2
∇µ∇ρΦµαβ + 1
2
(g(α|ρΦ ν|β)ν − g(α|ρ∇µ∇νΦµν|β)
+∇(α|∇µΦρµ|β) −∇(α|∇ρΦ µ|β)µ ) +
1
l2
(Φ(αβ)ρ − gρ(α|Φ µ|β)µ ).
As Φρµν includes hooked {2, 1} component, we can use the gauge transformation
to get rid of them and then Φρµν is totally symmetric. If we further impose the
following condition to read the transverse traceless modes:
Φ µρµ = 0, ∇µΦµνρ = 0, (40)
we get that
Qρabe¯αa e¯
β
b = −
1
2
Φραβ +
1
2
∇µ∇ρΦµαβ + 2
l2
Φραβ = −1
2
Φραβ . (41)
This result and Eq. (38) lead to
β˜µαβ =
1
2
Φµαβ . (42)
In such backgrounds, Eq. (33) gives:
Rab − 1
2µ
(dβ˜ab + ǫcd(a|ω¯
c ∧ β˜d|b)) = 0, (43)
which leads to
Qραβ − 1
2µ
ǫρµν∇µβ˜ αβν = 0. (44)
Using Eqs. (41-42), we finally obtain
Φραβ +
1
2µ
ǫρµν∇µΦ αβν = 0. (45)
Compared to the equation (36) of the graviton fluctuation, the spin-3 fluctua-
tions satisfy a third order differential equation as well.
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4 Conformal weight of spin-3 fluctuations
In AdS3 or BTZ background, we can rewrite the spin-3 equation as
(Φραβ +
1
2µ
ǫρµν∇µΦ αβν ) = 0, (46)
where we have used the property Rρσµν = − 1l2 (gρµgσν − gρνgσµ). This third
order differential equation could be decomposed into three first-order differential
equations, each corresponding to different degrees of freedom. The massive
degree of freedom satisfies a first order equation
ǫρµν∇µΦ(M) αβν = −2µΦ(M)ραβ . (47)
Both the left mover and right mover are massless and satisfy respectively
ǫρµν∇µΦ(L) αβν = −
2
l
Φ(L)ραβ , ǫρµν∇µΦ(R) αβν =
2
l
Φ(R)ραβ . (48)
The three equations share the same structure, which could be denoted simply
as
ǫρµν∇µΦ(A) αβν = mAΦ(A)ραβ , (49)
Where A can beM,L,R andmA = −2µ,− 2l , 2l correspondingly. One can derive
the second order equation it satisfies as
Φ(A)ρµν = (m
2
A −
4
l2
)Φ(A)ρµν . (50)
In the global coordinates the metric of AdS3 is:
ds2 = l2(− cosh2 ρdτ2 + sinh2 ρdφ2 + dρ2). (51)
It has the isometry group SL(2, R)L × SL(2, R)R. By defining u ≡ τ + φ, v ≡
τ − φ, the generators of SL(2, R)L can be written as:
V0 = i∂u, (52)
V−1 = ie
−iu
(
cosh 2ρ
sinh 2ρ
∂u − 1
sinh 2ρ
∂v +
i
2
∂ρ
)
, (53)
V1 = ie
iu
(
cosh 2ρ
sinh 2ρ
∂u − 1
sinh 2ρ
∂v − i
2
∂ρ
)
, (54)
satisfying
[Vi, Vj ] = (i − j)Vi+j . (55)
By exchanging u and v in the above equations, we can get the generators
V¯0, V¯−1, V¯1 of SL(2, R)R.
Let us define
L2 = LV0LV0 −
1
2
(LV1LV−1 + LV−1LV1), (56)
and similarly for L¯2. Then we can rewrite Eq. (50) as
L2Φ(A)ρµν =
(mAl)
2 − 6(mAl) + 8
4
Φ(A)ρµν , (57)
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or
L¯2Φ(A)ρµν =
(mAl)
2 + 6(mAl) + 8
4
Φ(A)ρµν . (58)
Considering the highest weight state with conformal weight (h(A), h¯(A)),
LV1Φ(A)µνλ = LV¯1Φ
(A)
µνλ = 0, (59)
LV0Φ(A)µνλ = h(A)Φ(A)µνλ, LV¯0Φ
(A)
µνλ = h¯
(A)Φ
(A)
µνλ, (60)
then we have
L2Φ(A)ρµν = (h(A)2 − h(A))Φ(A)ρµν , (61)
and similar equation for ¯h(A). Comparing these two equations with Eq. (57)
and Eq.(58), we find the conformal weights as
h(A) =
1± (mAl − 3)
2
, h¯(A) =
1± (mAl + 3)
2
. (62)
As the conformal weight should be positive, then the suitable choice of the
conformal weights is
h(M) = µl + 2, h¯(M) = µl − 1; (63)
h(L) = 3, h¯(L) = 0; (64)
h(R) = 0, h¯(R) = 3. (65)
where we have assumed µl ≥ 1. Note that for the chiral gravity at µl = 1, we
have h(M) = 3 and h¯(M) = 0, which degenerates with the left-moving massless
spin-3 fluctuations.
Actually, we can work out the explicit solution for the spin-3 fluctuations of
the highest conformal weight. From the Killing symmetry of the background,
we may make ansatz
Φµνλ = e
−ihu−ih¯vFµνλ, (66)
where all the components of Fµνλ could be characterized by one undetermined
function ϕ
Fτττ = ±ϕ, Fφφφ = ϕ, Fρρρ = ∓ iϕ
sinh3 ρ cosh3 ρ
, Fττφ = ϕ, (67)
Fττρ = ± iϕ
sinh ρ cosh ρ
, Fφφτ = ±ϕ, Fφφρ = ± iϕ
sinh ρ coshρ
, (68)
Fρρτ = ∓ ϕ
sinh2 ρ cosh2 ρ
, Fρρφ = − ϕ
sinh2 ρ cosh2 ρ
, Fτρφ =
iϕ
sinh ρ cosh ρ
, (69)
The function ϕ satisfies:
∂ρϕ+
(h+ h¯) sinh2 ρ− 3 cosh2 ρ
sinh ρ cosh ρ
ϕ = 0, (70)
whose solution is:
ϕ = C(cosh ρ)−(h+h¯) sinh3 ρ (71)
with a constant C.
10
Besides the massless and massive modes, there is actually a logarithmic
spin-3 mode at the chiral point, just like its spin-2 counterpart[42, 43, 47]. This
is feasible because the equation of fluctuations (45) is a third order differen-
tial equation. The log mode can be constructed in a way similar to its spin-2
counterpart[47]
Φ(Log)µνσ ≡ lim
µl→1
Φ
(M)
µνσ − Φ(L)µνσ
µl − 1 . (72)
We define a function A(τ, ρ) as
A(τ, ρ) ≡ −2(iτ + ln cosh ρ), (73)
then the log mode can be written as
Φ(Log)µνσ = A(τ, ρ)Φ
(L)
µνσ . (74)
This new mode grows linearly in time, and grows logarithmically in the radial
coordinate ρ. By using the fact that
LV0A = L¯V¯0A = 1; LV1A = L¯V¯1A = 0, (75)
One can show that
Φ(Log)µνσ ∝ Φ(L)µνσ. (76)
Hence the log mode satisfies the classical equations of motion Eq.(45).
The existence of the log graviton mode in TMG brought much debates on
the stability and the chiral nature of the theory. It turns out that one has
to impose appropriate boundary conditions on the metric fluctuations[38]. If
one impose the generalized Brown-Henneaux boundary conditions [14, 15], such
mode disappears and the only physical modes are right-moving boundary gravi-
tons, then the theory is chiral. On the other hand, one may relax the boundary
condition to allow the log mode, whose presence breaks the chiral nature of the
theory. Nevertheless, such relaxed boundary condition is well-defined, leading
to finite conserved charge. It was conjectured that the log gravity could be dual
to a logarithmic CFT[47, 38]. In this paper, we will not discuss such log mode,
and just focus on the generalized Brown-Henneaux boundary conditions.
5 Energies of spin-3 fluctuations
As we show, for generic value of µl, there are three kinds of spin-3 fluctuations,
two of them being massless and the other one being massive. The fluctuation
could be written as
Φµ1µ2µ3 = Φ
L
µ1µ2µ3
+ΦRµ1µ2µ3 +Φ
M
µ1µ2µ3
(77)
where the subscript L represent the (3,0) primary and their descendants, R
represent the (0,3) primary and their descendants, and M represents the (µl +
2, µl− 1) primary and their descendants.
Up to a positive normalization constant C, the free action of the spin-3
fluctuations is of the form
S2 =
1
64πG
∫
d3x
√−g
{
−∇¯λΦµ1µ2µ3∇¯λΦµ1µ2µ3 −
1
2µ
∇¯αΦµ1µ2µ3ǫµ1αβΦβµ2µ3
}
.
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The conjugate momentum is
Π(1)µ1µ2µ3 = −
√−g
64πG
(
∇¯0(2Φµ1µ2µ3 + 1
2µ
ǫµ1αβ∇¯αΦβµ2µ3)−
1
2µ
ǫ 0µ1β Φ
βµ2µ3
)
.
Using the equations of motion for different modes, we find
Π
(1)µ1µ2µ3
L = −
√−g
64πG
(2− 1
µl
)∇¯0Φµ1µ2µ3L , (78)
Π
(1)µ1µ2µ3
R = −
√−g
64πG
(2 +
1
µl
)∇¯0Φµ1µ2µ3R , (79)
Π
(1)µ1µ2µ3
M =
√−g
64πG
(
−∇¯0Φµ1µ2µ3M +
2
µ
(µ2 − 1
l2
)ǫ 0µ1β Φ
βµ2µ3
M
)
. (80)
As there are three time derivatives in the action, we need to use the Ostro-
gradsky method to define the Hamiltonian. Taking Kµ1µ2µ3 ≡ ∇¯0Φµ1µ2µ3 as a
canonical variable, we find its conjugate momentum
Π(2)µ1µ2µ3 = −
√−gg00
128πGµ
ǫ λµ1β ∇¯λΦβµ2µ3 . (81)
Using the equations of motion, we get
Π
(2)µ1µ2µ3
L = −
√−gg00
64πGµl
Φµ1µ2µ3L , (82)
Π
(2)µ1µ2µ3
R =
√−gg00
64πGµl
Φµ1µ2µ3R , (83)
Π
(2)µ1µ2µ3
M = −
√−gg00
64πG
Φµ1µ2µ3M . (84)
The Hamiltonian is now
H =
∫
d2x(Φ˙µ1µ2µ3Π
(1)µ1µ2µ3 + K˙µ1µ2µ3Π
(2)µ1µ2µ3 − L2). (85)
Therefore, the energies of different spin-3 fluctuations are
EM =
2
Tµ
(µ2 − 1
l2
)
∫
d3x
√−g
64πG
ǫ 0µ1β Φ
βµ2µ3
M Φ˙Mµ1µ2µ3 , (86)
EL = − 1
T
(1− 1
µl
)
∫
d3x
√−g
32πG
∇¯0Φµ1µ2µ3L Φ˙Lµ1µ2µ3 , (87)
ER = − 1
T
(1 +
1
µl
)
∫
d3x
√−g
32πG
∇¯0Φµ1µ2µ3R Φ˙Rµ1µ2µ3 . (88)
Here the integration along τ direction is over [0, T ], and we choose T = 2π/(2µl+
1) for the massive mode and choose T = 2π/3 for the left-moving and right-
moving modes. Substituted Φ in the above equations by the real part of the
solution in Eqs. (66-71), we can show that the above three integrals are negative
for primary fields.1 Then µl > 1 gives EM < 0, while µl < 1 gives EL < 0. So
only at the critical point µl = 1, there are no modes with negative energy, and
in this case, we have EM = EL = 0. By using the commutation relation of the
generators, we can show the same result applies for the descendants. Therefore
at the chiral point the left and the massive modes have zero energy, suggesting
that they are just pure gauge.
1We use the same orientation as [37].
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6 Conclusions and discussions
In this paper, we studied the spin-3 topologically massive gravity theory, espe-
cially at the chiral point µl = 1. Inspired by the fact that first order formulation
of TMG could be rewritten as a Chern-Simons gravity plus a term imposing the
torsion free condition, we proposed an action describing the spin-3 field coupled
to 3D TMG. Firstly we replaced the SL(2, R) gauge group with SL(3, R) group,
and moreover imposed another torsion free condition on spin-3 field. Next we
rewrote the CS action in terms of the framelike field, and obtained the action
(19). Starting from the action, we worked out the equations of motion. We
showed that the fluctuations of spin-2 and traceless spin-3 fields around the
AdS3 vacuum with vanishing spin-3 field could be described by third order dif-
ferential equations. At generic value of µl, there exist a local massive degree
of freedom for traceless spin-3 field, with conformal weight (µl + 2, µl − 1).
We found that at the chiral point this massive mode become degenerate with
the left-moving massless mode. We computed the energies of the fluctuations
and showed that both the massive mode and left-moving massless mode have
zero energies at the chiral point, indicating that they are pure gauge. We also
discussed the log modes of the fluctuation, which could be truncated out by
imposing the generalized Brown-Henneaux boundary condition [14, 15]. There-
fore we obtained the same picture as the spin-2 fluctuations. In short, with
the generalized Brown-Henneaux boundary conditions at the chiral point, there
are only right-moving boundary degrees of freedom, suggesting the boundary
theory is chiral.
As the chiral gravity, the chiral spin-3 gravity could be described by a holo-
morphic Chern-Simons gravity theory with the gauge group SL(3, R) and the
level 2k. The action (16) at the chiral point µl = 1 reduces to a Chern-Simons
term plus two terms relating to the torsions. If we take the vacuum to be
AdS3 with vanishing spin-3 field, the β˜
a and β˜ab are both vanishing. But they
do play a key role in studying the fluctuations around the vacuum and induce
higher derivative terms. Nevertheless, once the fluctuations become pure gauge
at the chiral point, it is safe to ignore these two terms and the action is just a
holomorphic Chern-Simons gravity, from which the asymptotic symmetry could
be read straightforwardly[15, 48, 49]. It turns out to be a classical W3 algebra
with central charge cR = 3l/G, with the generalized Brown-Henneaux boundary
conditions. Namely the chiral spin-3 gravity could be described holographically
by a two-dimensional chiral CFT with W3 algebra and central charge cR.
There are many interesting questions to be investigated in the future. We
just list some of them:
1. In this paper, we focused the construction of the spin-3 field coupled to
TMG. It would be interesting to generalize the construction to arbitrary
spin N . In particular, it would be nice to discuss its large N limit. Alter-
natively, we may start from the higher spin algebra directly and construct
the action, similar to the study in [14].
2. We speculated that the chiral higher spin gravity is equivalent to a holo-
morphic Chern-Simons theory, indicating that the partition function should
be holomorphic. It would be nice to show this point explicitly;
3. It has been pointed out that in TMG there could exist another set of con-
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sistent boundary conditions, except the Brown-Henneaux boundary con-
ditions, for the metric fluctuations. Imposing these boundary conditions
may lead to another dual picture in terms of a logarithmic CFT[38]. This
is because that in TMG, the fluctuations in general satisfy a third order
differential equations of motion, which allows the existence of log mode.
Similarly in our theory, the spin-3 fluctuations allow a log mode as well. It
is quite possible that there may exist other consistent boundary conditions
for the spin-3 field, which leads to another CFT dual description.
4. It would be interesting to set up a large N duality for higher spin TMG,
as the ones suggested for higher spin AdS3 gravity[20, 21].
5. The BTZ black hole[46] is certainly the solution of the theory and its
entropy in chiral gravity had been successfully produced from dual CFT.
In our formulation, it would be nice to study the black hole solution with
higher spin hair[17, 18].
6. It should be possible to generalize the construction to the supersymmetric
TMG theory;
7. Most interestingly, from our point of view, our construction suggest that
potentially the higher spin field theory could be defined in warped space-
time, besides the usual AdS spacetime. Note that with vanishing spin-3
field, the equations of motion from the action (19) allow the solutions as
the warped and null spacetimes and their related black holes[44, 45]. The
spin-3 field could couple with these spacetime consistently via the action
(19). It is very interesting to study the spin-3 fluctuations in these non-
trivial backgrounds. Moreover, it would be valuable but very challenging
to investigate the solutions with nontrivial higher spin hair.
We wish we can come back to these issues in the future.
Notes: In our analysis of spin-3 fluctuation, we focused on its traceless part.
There is actually a trace part of spin-3 fluctuations, which has been studied in
[50]. Such massive trace mode has zero energy and becomes pure gauge at the
chiral point. Therefore our conclusions on chiral spin-3 gravity are unaffected.
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